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Abstract : In this article we transmute the logistic distribution using quadratic rank
transmutation map to develop a transmuted logistic distribution. The quadratic rank
transmutation map enables the introduction of extra parameter into its parent model to
enhance more flexibility in the analysis of data in various disciplines such as biological
sciences, actuarial science, finance and insurance. The mathematical properties such as
moment generating function, quantile, median and characteristic function of this distribution
are discussed. The probability density functions of the minimum and maximum order statistics
of the transmuted logistic distribution are established and the relationships between the
probability density functions of the minimum and maximum order statistics of the parent model
and the probability density function of the transmuted logistic distribution are considered. The
parameter estimation is done by the method of maximum likelihood estimation. The flexibility
of the model in statistical data analysis and its applicability is demonstrated by using it to fit
relevant data. The study is concluded by demonstrating that the transmuted logistic distribution
performs better than its parent model.
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l. Introduction

Logistic distribution has been used over the years to model real life data in various fields
of human endeavors such as medicine, Economics, Demography to mention a few. The
probability density function (pdf) and cumulative distribution function (cdf) of logistic model
are given by

-&h
g(x)Ze—x_,tz y —0<x <0 (1)
a(1+e_(T))
and
x—p\—1
G(x) = (1 + e_(T)) , —00 < x <00 (2)

respectively where u < x is the location parameter and o > 0 is the scale parameter.

The transmutation of some baseline distributions have been studied in the last decade
to improve on the flexibility of the existing probability models. Shaw et al (2009) suggested a
quadratic transmutation map and applied it to probability models such as exponential, uniform
and normal distribution. Aryal et al (2009) worked on the transmuted extreme value
distribution, Aryal et al (2011) on transmuted Weilbul distribution, Aryal et al (2013) on
transmuted log-logistic, Merovci et al (2014) on transmuted Pareto distribution, Rahman et al
(2018) generalized the work of Shaw et al (2009), Adeyinka et al (2019) on four parameters
transmuted generalized distribution, Adeyinka et al (2019) on transmuted type | generalized
half logistic distribution to mention a few.
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However, little or no consideration has been given to the transmutation of logistic distribution.
This work intends to study the transmutation of logistic distribution, establish its properties and
also consider the applicability of the model to real life data.

1. Methodology
2.1 Transmuted Logistic Distribution
If a random variable X has logistic distribution with probability density function given in

(1) and the cumulative distribution function given in (2). The corresponding transmuted
logistic distribution, using the quadratic rank transmutation map,

F(x) =1+ x)G(x) —AG*(x), [1] <1 (3)
IS given by
F(x)=%, —00 < x < 00, 4)

and the corresponding pdf is obtained by differentiating (4) with respect to x to have

“X{(1+A0)(A+e ¥)-22}
Flx) = (1+e‘xe)3 , —00 < x < 0, (5)

We assume u =0 and o = 1 with no loss of generality.

Figure 1 and 2 illustrate the graphs of pdf and cdf of transmuted logistic distribution for some
selected values of parameter A respectively.
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Figure 1: The probability distribution function of transmuted logistic distribution.
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Figure 2: The cumulative distribution function of transmuted logistic distribution.

2.2 Moment Generating Function of Transmuted Logistic Distribution

The moment generating function of transmuted logistic random variable X, is given by
My (9) = E[e™] = [ e™f(x)dx (6)
where f(x) is the pdf of transmuted logistic distribution. This implies

0 e—x(l—t)

a+1 [

0 e—x(l—t)

dx — 21

— = ax.
© (1+e7%)?2 —00 (1+e7%)3

()

Setting y=e™ ,x=—Iny and dx = —%dy. By substituting these into (7) it becomes

t

0 -t
dy —21 [ =—=dy . (8)

co y_
(1+21) fo R¥THE

(1+y)?
Setting u = ﬁ y = 1;—” and dy = — u—lzdy. By substituting these into (8) it becomes

L+ [(1—wufdu— 24 (1 - w)~ut* du. (10)

The integral in (10) is a beta function given by

B(a,b) = folxa‘l (1- x)b_ldx.
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r@r)

B(a,b) = r(a+b)

andT'(n) = (n —1)!

Using these functional relationships (10) becomes
A+DTA-0Tr@+t)—Ar@-0r2+1t (11)

Similarly, the characteristic function transmuted logistic distribution is given by
Qx(it) = +ADTA —-i)T(1 +it) —Ar(1 —it)[' (2 + it) (12)

The mean, variance, skewness and kurtosis of the transmuted logistic distribution can be
obtained from (11).

2.3 Quantiles of Transmuted Logistic Distribution

The gt*-quantile of the transmuted logistic distribution is given by

Fx(xq) =q (13)
Where Fy(x) is the cdf of transmuted logistic distribution. This implies

1+(1+A)e ¥

Lre ¥y (14)
By solving for x, in (14) we have
x, = —In {(1+/’L—2q)—2‘/q(1+l)2_AMQ}. (15)

The median of the transmuted logistic distribution is obtained by setting g = 0.5 in (15) to
have

xo5 = —In{1+ 21— V1 + 22} (16)

I11. Discussion

3.1 Number Generation from Transmuted Logistic Distribution

Random numbers can be generated from transmuted logistic distribution by using the method
of inversion as follows:

Fy(x) =u (17)

Where u~U(0,1) i.e u is uniformly distributed on (0,1) and Fx(x) is the cdf of transmuted
logistic distribution. Therefore, (17) implies

1+(1+)e™*
(1+e~%)2

= u. (18)
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By solving (18) for x it becomes

_In {(1+/‘1—2u)—2,/151+/1)2—4/1u} (19)

X =

Random numbers can be generated from (19) when the value of parameter A is known,
3.2 Order Statistics from Transmuted Logistic Distribution

We know that if X(;) < X(,) < -+ < X(5,) denotes the order statistics of a random sample

X1, X5 ... X, from a continuous population with cdf Fy (x) and pdf fy (x), David 1970 gave
the probability density function of X, as

1
B(rn-r+1)

fxey () = [FCOI™ 1= FOOI"™ f(x)

(20)
wherer = 1,2, ...n.

We have from (1) and (2) the pdf of the " order of the logistic random variable Xy given
by
e—X(n-r+1)

gX(r) (x) - B(r,n—-r+1)(1+e—¥)n+1
(21)

Therefore the pdf of the nth order logistic statistic X, is given by

ne*

Ix(my () = (Lre—xn+t (22)

and the pdf of the 1°¢ order logistic distribution statistic X,y is given by

n e—nx

Ix ) (x) = (re-mn+i " (23)

Note that in a particular case of n = 2, (22) yields

e—x

2
Ixey () = (1+e—)3 (24)

and ( 23) yields

Ze—zx

gX(l) (x) = (1+e—%)3 (25)

It can be observed that max(X;, X,) and min(X;,X,) in (24) and (25) are special cases of
(5) for A = —1and A = 1 respectively.

The distribution of the order statistics for the transmuted logistic distribution variable .

The pdf of the 7" order statistics for the transmuted logistic distribution is given by
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e ¥+ (14 ) (1+e X)) —2AH1+(1+A)e ¥} " H{1-A+e X} T
B(r,n—-r+1)(1+e—%¥)2n+1

fx () = (26)

Therefore the pdf of the largest order statistic X, is obtained when r = n in (26) and it is
given by

_ ne X {A+D)A+e )21+ (1+)e ¥} 1
fX(n) (x) - (1+e_x)2n+1 (27)

and the pdf of the smallest order statistic X, is obtained when r = 1 in (26) and it is given
by

ne ™ {(1+A)(1+e ¥)-22}{1-A+e~ X1

fX(l) (x) = (1+e—X)2n+1 (28)

3.3 Estimation of Parameters from Transmuted Logistic Distribution
Given a sample X;, X, ... X,, of size n from transmuted logistic distribution with the
probability density function given by

e‘(%){(1+1)(1+e_(¥))—2/1}
x—n3
a(1+e_(Tﬂ))
where u is the location parameter, ¢ > 0 is the scale parameter and |A| < 1 is the
transmutation parameter.

fluo,1) = , —o<x < oo (29)

The likelihood function of transmuted logistic distribution is given by

L=e T M {a+ ) (1+ e‘(x%”)) — 22}/ o™ T, (1 + e‘(x‘%)3 .

(30)
The log-likelihood function of (30) becomes
-1 n n _(xl—_u) n
InL = —nlno — o i —w) =32 In (1 +e Vo ) +Xhin {(1 + 1) (1 +
Xi—l
e (5 )) - 22}, (31)

The maximum likelihood estimate of the parameters u, o and A that are contained
within the transmuted logistic distribution function is obtained by differentiating (31) with
respect to parameter u, o and A respectively and equating the result to zero as to have

DOI : https://doi.org/10.33258/birex.v1i3.341 31


http://www.bircu-journal.com/index.php/birex
mailto:birex.journal@gmail.com
mailto:birex.journal.qa@gmail.com

Budapest International Research in Exact Sciences (BirEx) Journal
Volume 1, No 3, July 2019, Page: 26-34

e-ISSN: 2655-7827 (Online), p-ISSN: 2655-7835 (Print)
www.bircu-journal.com/index.php/birex

emails: birex.journal@gmail.com

birex.journal.qa@gmail.com

AL wn <1+e -2
— 4ij=1 i
02 (1+/‘1)<1+e ) 2 ]

dlnL e (XLJ #) e _(#)

e n =33, <+ 1+ DI =0
om L 1<1+e_( laﬂ)) = (1+A)<1+e_(lT”))—2/‘l]

dlnL (xi—we (IT#)

=077 -no + XLy (x — 1) — 3T Ty + (L4

<1+e ( a )>

e (55)
A) Z?:l (x; N)e(Xi—_#)
(1+/’L)<1+e' a )—21]

The maximum likelihood estimator 9 = (41, 3, 1)’ of parameters ¥ = (u, o, 1)’ can be
obtained by solving this non-linear system of equations. It is usually more convenient to use
non-linear optimization algorithms such as quasi-Newton algorithm to numerically maximize
the log-likelihood function in (31).

3.4 Application of Transmuted Logistic Distribution

The data used in this work is extracted from Gupta et al (2010). It is a strength data
originally considered by Badar and Priest (1982). The data which represent the strength
measured in GPA, for single carbon fibers and impregnated 1000-carbon fiber tows. Single
fibers were tested under tension at gauge lengths of 1, 10, 20 and 50 mm. Impregnated tows
of 1000 fibers were tested at gauge lengths of 20, 50, 150 and 300 mm. For illustrative purposes
we are considering the single fibers data set of 10 mm in gauge lengths with sample size 63.
The data are presented below.

1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454, 2.474,2.518,
2.522,2.525, 2.532, 2.575, 2.614, 2.616, 2.618, 2.624, 2.659, 2.675, 2.738, 2.740,
2.856,2.917, 2.928, 2.937, 2.937, 2.977, 2.996, 3.030, 3.125, 3.139, 3.145, 3.220, 3.223,
3.235, 3.243,3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3.501, 3.537,
3.554, 3.562, 3.628,3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5.020.

A quasi Newton algorithm was implemented in R package and the performance of the models
are shown in Table 1. Akaike Information criterion (AIC), Corrected Akaike Information
criterion (AICC) and Bayesian Information criterion (BIC) were respectively used to
compare the performance of transmuted logistic distribution (TLD) to its parent model (LD)
in (1).

AIC = 2k — 2LL

2k(k + 1)

AlCC = AIC + ———
n—k—1

And
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BIC = 2log(n) — 2LL

Where k is the number of parameters in the model, n is the sample size and LL is the
maximized value of log likelihood function.

Table 1. Performance of the models.

Model Estimates LL AIC AICC BIC
TLD [ =1.963 -112.789 231.578 231.985 229.177
6 = 0.251
1=0.393
LD fi=2.013 -121.452 246.904 247.104 246.503
6 = 1.051

It can be concluded from the results in table 1 that the transmuted logistic distribution (TLD)
performs better than its parent model (LD).

1VV. Conclusion

In this article, we have introduced a new generalization of logistic distribution called
transmuted logistic distribution. The distribution which is generalized by the use of quadratic
rank transmutation map. Some statistical properties such as moment generating function,
quantile, median and characteristic function of the transmuted logistic distribution are
established and parameters estimation issues are addressed. The order statistics from the model
are considered including the minimum and maximum order statistics and the relationships
between the order statistics from the its base distribution and the probability density function
of the transmuted logistic distribution for selected values of transmutation parameter A are
demonstrated .The subject model is used to fit relevant data. We expect that this study will
serve as a reference and help to advance future research in this area and other related
disciplines.
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